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1 Introduction 



Fatou type theorems have been an interesting area of study since the appearance in 1968 
of Hunt and Wheeden's paper on non-tangential convergence of harmonic functions in 
Lipschitz domains. In the 1980's Fatou theorems for second order elliptic equations 
experience a remarkable progress due, mainly, to the works of Caffarelli, et. al. in 
Lipschitz domains [2], and Jerison and Kenig paper on NTA-domains [14]. It was until 
*yv ' 1995 with the appearance of [3] that Fatou theory was finally extended to sub-elliptic 

rsQ . equations in divergence form. In that paper, the authors pointed out that due to the 

^^ ' presence of characteristic points the right geometry in the sub-Riemannian case is 

the one given by NT A domains, which are non-tangentially accessible domains with 
f—^ • respect to the Carnot-Cartheodory metric. The purpose of this paper is to generalize 

I*^ I the results obtained by Capogna and Garofalo in 3j to equations of parabolic type: 



L = -^X*X,-|, (1) 
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in a domain D = n x {0,T), n C R", where X = {Xi,...,Xm} is C°° (R") and 
satisfies Hormander's finite rank condition 

rank Lie[Xi, ...,Xm] ~ n (2) 

for every x G M", with J7 an nontangentiaily accessibie domain, NT A. Here X* denotes 
the formai adjoint of Xj . The main results in this work are the backward Harnack in- 
equality (BHI) , the doubling property of L — caloric measure and the local comparison 
theorem. It is worth mentioning that, as it was first pointed out in the paper by Fabes, 
Garofalo and Salsa, J], the boundary backward Harnack inequality and the doubling 
property are equivalent, hence it is enough to prove one of them. 

Fatou type theorems in NT A domains are important in the study of free boundary 
problems. In a recent paper by Danielli et al. [6] the regularity of the free boundary was 
proved in the sub-elliptic case, in which the local comparison theorem played a crucial 
role. This indicates that it is worth to generalize Fatou theory to the sub-Riemannian 
setting in NT A domains. 

In this paper we exploit the relation between the Green function and the L — caloric 
measure given by the Dahlberg theorem to obtain important estimates. This approach 
allows to prove results in a clear and elegant way. The organization of the paper is as 
follows. In section 2 we recall the definition of NT A domain along with known results 
related with the operator L, such as Gaussian bounds for the fundamental solution and 
the Harnack inequality. In this section we also introduce the notion of the L — caloric 
measure with the help of the results in Bony's paper jT]. 

In section 3 we prove several basic estimates for non-negative solutions of Lu = 
that will be used throughout the paper. An example of such estimates is the Carleson 
lemma. The proof of this estimate relies heavily in the Holder continuity up to the 
boundary of solutions of Lu = 0. In [7] and [TD], the Holder continuity implies the 
fact that the L — caloric measure is bounded away from zero near the boundary. In 
our present work we can see that the latter implies the former by suitably adapting a 
beautiful proof found in [T5] . 

One of the main results in this paper is the backward Harnack inequality, or (BHI) 
in short. The (BHI) is crucial to the proof of the doubling condition since it permits to 
overcome the time gap in the parabolic version of Dahlberg's estimate. In [S], Fabes and 
Safonov gave a quite ingenious proof of the backward Harnack inequality for parabolic 
equations in divergence form with time dependent coefficients. In section 4 we have 
been able to adapt their proof to the sub-Riemannian setting. In that section we also 
show that an interior elliptic-type Harnack inequality is implied by the Carleson lemma. 

The local comparison theorem is proved in section 5. Recall that in [14] the proof 
of such result was based in a complicated localization theorem due to Peter Jones, 
see [TS]. In [31 the authors were able to prove the local comparison in the sub-elliptic 
setting thanks to an ingenious idea of John Lewis. Their proof does not use Jones' 
localization theorem. In section 5 we generalize Lewis' idea to the parabolic setting. 

Finally, in j3] the authors dealt with bounded measurable perturbations of sub- 
Laplacians, namely YliLi-^i (o-ij^i)i where A = (o-ij) is an m x m matrix-valued 



function on R", having L°° entries, and satisfying for some A > and for every 
^ G M™: A 1^1 < X^™,— iiyCi^J ^ ^~ ICI • So far proving Gaussian bounds and 
Harnack inequalities remains an open problem for operators of the type 

m 

La = -^ Xt {aij {x, t) Xi) ~ —. 

i=l 

Once these results are established for L^ the proofs given in this paper will apply 
without change to this more general setting. 



2 Preliminaries 

Let i7 C R" be a domain and consider the Carnot-Caratheodory distance associated 
to the family of vector fields X = {Xi, ..., Xm}, d (•, •) : K" x ffi" ->• R+. In order to 
apply the results in Kosuoka and Stroock paper [17) we assume that the vector fields 
are bounded on R". The metric balls will be denoted by B^ {x, r) = {y \ d {x, y) < r}. 
In Nagel et al. [18] the following result was obtained: there exist constants C, Rq > 0, 
and a polynomial function with continuous coefficients A{x,r) = ^^ \aj {x)\ r ' such 
that for every x £ i7 and r < Rq 

\Bd{x,r)\ 



A{x,r) 

The doubling property of the metric balls follows, namely 

\Bdix,2r)\<Ci\Ba{x,r)\ (3) 

for every x £ Q and r < Rq/2. We say that B^ {x, r) is (M, X) — non — tangential ball 
in n if 

^<d{Ba{x,r),da)<Mr. 

For x,y £ n, a Harnack chain from a; to j/ in i7 is a sequence of (M, X)-non-tangential 
balls in H, Bi, ..., Bp, with x G Bi, y £ Bp, and Bi n -B^+i ^ for i — 1, ...,p — 1. 

Now we can introduce NT A domains. 

Definition 1 We say that O is an nontangential accessible domain {NT A domain) if 
there exists M, rp > for which: 

1. (Interior corkscrew condition) For any Q £ dfi and r <rQ there exists Ar (Q) £ fi 
such that jj < d{Ar{Q),Q) < r and d{Ar{Q),dil) > -jj.(This implies that 
B^ (Ar (Q) , 217) '® (3M,X)-nontangential.) 

2. (Exterior corkscrew condition) J?*^ — R" \ J7 satisfies property (1). 

3. (Harnack chain condition) For any e > and x,y £ fi such that d{x,dQ) > e, 
d (y, dfi) > e, and d (x, y) < 2 e, there exists a Harnack chain joining a; to y of 
length Mk and such that the diameter of each ball is bounded from below by 
M"l min {d {x, dO) , d (y, dO)}. 

The following important property of NT A domains will be used in the proof of the 
local comparison theorem. It was established in [3]. 



Proposition 1 Let Q £ Q. For any x,y such that d{x,dQ) ,d(y,Q) > e, x,y £ 

f2\B (Q, -jg-) and d(x,y) < Ce, it is possible to choose a Harnack chain {Bi}^_^ j. , 

joining x to y, with the properties: 

(i) The length k of the chain depends only on C; 

(ii) Q<^Bifori = l,...,k; 

(Hi) M~ diamBi < d{Bi,dfi U {Q}) < MdiamBi, where M depends only on M 

and on the doubling constant in fBj) . 

Let Dt = O X (0, T), with T > 0. We indicate with St = df2 x (0, T) the lateral 
boundary of Dt, and by dpDx = St U i? x {0}. For (Q, s) £ dpDx and for r > we 
define 

*'r(Q,s) = |(s,i)GR"+^ \d{x,Q)<r,\t-s\ < r^^ 

1'r,Kr{Q,s) = |(a;,f)GR"+^ I d(x,Q) <r,\t-s\ < K^r^l 
Ar {Q, s) = dpDr n 'Pr (Q, s) 

^r,Kr (Q, s) = dpDr n >Pr,Kr {Q, s) 

Ar (Q, s) = (^Ar iQ),s + 2r^'j , A^ {Q, s) = (^Ar {Q),s^ 2r^'j . 
We call Ar (Q, s) the parabolic surface box of radius r > 0. For S > 0, set 

n^ = {xe n : dist {x, on) > 5} 



D^T 



Q^ X {5^,t\ 

Let r {x, y) = r {y, x) be the positive fundamental solution of the sub-Laplacian 
"^i—i X* Xi. The following definition will be needed in this paper. 

Definition 2 For every x £ M", and r > 0, the set 

Bx {x,r) = |y G M" : r(x,j/) > -j^^^ 

will be called the X-ball, centered at x with radius r. 

The X-balls are equivalent to the Carnot-Caratheodory balls : for every U C M", there 
exists a > 1, depending on U and X, such that 

Ba(^x,a-^r'^GBx{x,r)'^B^{x,ar), (4) 

for X £ U, < d{x,y) < Ro, for some Ro- 

The following basic estimate was established in [17], see also [15] . 

Theorem 1 The fundamental solution p{x,t;£^,r) = p{x;^,t — r) with singularity at 
(5, r) satisfies the following size estimates: there exists M = M {X) > and for every 
fc, s G N U {0}, there exists a constant C — C {X, k, s), such that 

\2- 



9'= 

-^Xj,Xj^...Xj^p{x,t-i,T] 



p{x,t;^,T) =p{x;i,t-T) > J—- exp ■ , (6) 

\B [x,^/t- T)\ \ t-T 

for every x,^ £ R" and any — oo < t < t < oo. 



< ^,,,, , ^^„exp^^^'^(--'^)^ 

- {t-Ty+^''\B{x,vt^7)\ ^v *-^ 

(5) 
C^i / M~'^d{x,£f'' 



As it is pointed out in [9] , the existence of Gaussian bounds is equivalent to existence 
of the Harnack inequaUty. The following theorem states the Harnack inequality as it 
was derived in [T7] from the Gaussian bounds. 

Theorem 2 There is an M > Q such that for all x,y £ M", s <t with R = d{x,y)\/ 
{t ~ s) ' and all u > with Lu — Q m \s,s + R ^ x Bj^ {x, R): 



'- {y, s)<u {x, t) exp (m [l + ^^^] ] 



(7) 



We will need the following strong maximum principle to develop Perron's method. 

Theorem 3 Let _D = J7 x (0,T) where Q £ M" is a connected open set and T > 0. 
Suppose that Lu > in D. Set M = sup^, u. Then either u (x, t) < M for any {x, t) £ 
D \ dpD or if u (xq, to) = M , then u = M in Dtg . 

Only the sketch of the proof will be provided. In his 1969 paper ([T), Bony considered 
operators of the following form 



J2zf + Y + a 



i=l 

where the Lie algebra generated by Zi , ..., Zm and Y generates the whole tangent space. 
Since X* = X^ + bj, for some bi,we can write our operator L in the above form. Hence, 
we can apply Theorem 3.2 in ( 1 ) to our operator L. Now, if u (sg, ^o) = M the opera- 
tor —d/dt forces the maximum to propagate to times t < t^. This means u = M in Dtg . 

The results in ([!]) also imply that any ip £ C (OpDj^jM.) is resolutive. Then there 
exists the Perron- Wiener-Brelot solution to the Dirichlet problem 

Lu = in -Dti u = <p on dpDj' (8) 



Theorem 4 Let H be a connected, bounded open set, and ip G C(dpD). Then there 
Brelot. Moreover, LL^ satisfies 



exists a unique caloric function H^ which solves @^ in the sense of Perron- Wiener- 



sup \h^\ < sup \ip\ (9) 

D I I dpD 

The previous theorem allows to define the L — caloric measure do;*^^' ' for D eval- 
uated at {x,t) £ D as the unique probability measure on dpD such that for every 
<p e C (dpD) 



H^{x,t)= (^(j/,s)da;'^^'*^ (y,s) 

■Jd„D 



Another result in Bony's paper tells that a boundary function ip is L-resolutive if and 
only if (p e L^ ('apDT.da;^^'*)). 



3 Estimates for L — caloric measure and solutions of Lu = in NT A 
domains 

The purpose of this section is to estabhshed several basic estimates for L — caloric 
measure and solutions of Lu — 0. For instance, in this section one can find the Holder 
continuity of solutions near the boundary, Carleson estimate and the Dahlberg's theo- 
rem, among others. 

Lemma 1 Let (Q, s) G dpDx and r > sufficiently small, depending on vq. Then, 
there exists a constant C > 0, depending on £, M , and rp such that 

inf cj(^'*'(Z\2r(Q,s)) >C. (10) 

*'r(Q,s)nDT 

Proof We are going to give the proof for the case s > 0, the case s = is treated 
similar. By the exterior corkscrew condition wc can find a, ji — n (M) > 0, such that 

^P' = Ba (Q, fir) X (s - 4r2, s + 4r^^ C f'sr (Q, s) \ Dt- 

for some Q £ il'^ . Consider the bottom of this cylinder, namely A'^r = Bd (Q,/^^) x 
|s — 4r |. Recall that lo^^' ' (Zi2r) is 1 on A2r and nonnegative in the rest of ^2r- On 
the other hand, if v {x,t) = lo^' (A'^A^ where lo^' denotes the caloric measure of 
^2r, we have ii = in dp^2r H Dx and ii < 1 on Z\2r- By the comparison principle, we 
end up with 

a;(^'*)(Z\2r)>i^(a;,t) in '^2r {Q,s)r\ Dt, (H) 

which implies that 

inf tj(^^*^(Z\2r(Q,s)) > inf v. 

<l'r(Q,s)nDT <I'^(Q.s)nDT 

Using the maximum principle once more we obtain 

V (x, t) > v {x, t) = <J-p^J (zi^r) in *'2r. 

Now, we can apply the Harnack inequality to v inside !i'2r (Q, s) to obtain 

inf v>Cv{Q,s~2r^\>Cv{Q,s-2r^\, 
<Pr.{Q,s)nDT V / V / 

for some constant C > 0. In order to finish the proof we extend the function v' to a 
larger cylinder. Consider the cylinder 

*■" = Bd (Q, fir) X (^s~ 5r^, s + ir'^'^ . 

Extend v' by the formula 

«' {x,t) = 4";*^ {dpi'" n {t < s - 4r2}) , 

hence «' = 1 on 'P" n|t<s — 4r |. Using the Harnack inequality in 'L" , we finally 
obtain 

v' (q, s - 2r'^) > Cv [q, s - ^:r^\ = C. 



u. 



As a corollary we obtain the Holder continuity at the boundary. 

Corollary 1 Under the assumptions of the previous lemma, let u be a nonnegative 
solution of Cu = which continuously vanishes on A2r (Q, s). Then 

sup u < 9 sup u, (12) 

for some constant 9 G (0, 1) depending on L , M, and tq. 

Proof Let d)^^' ' denote the caloric measure for !^2r {Q, s) nDy. Since A2r {Q, s) lies in 
the boundary of an NT A domain we can apply the above result to lj^^' ' {A2r {Q, s)). 
For {x,t) G 'I>r(Q,s)r\DT, 

u{x,t) — / uduj^^' ' = / udil;^^' ' 

■ldp{^2r{Q,s)nDT) Jdp(^2r{Q,s)nDT)\A2r 

< sup u — [1 — tj^^' ' (Z\2r) I sup 

The previous lemma implies the result with ^ = 1 — C < 1. 



Lemma 2 Let u be a nonnegative solution of Lu=0 in D. Let {x, t) and {y, s) be in 
il, with t — s > 0, {t — s) ' > 6^ d{x,y) for some 9 > I. Furthermore, suppose that 
d (x, do) > e, d (y, dO) > e, and d {x, y) < Ct, (t — s) ' < Ce, for some e > 0. Then, 
there exists a constant N = N {X, 9,rQ,C) such that 

"" (Vy s) ^ Nu {x,t) 

Proof The proof of this lemma is a standard adaptation of that of Lemma 2.2 in [TD] 
and we omit it. 

D 
The next result is known as the Carleson estimate. The proof is provided for com- 
pleteness. 

Theorem 5 Let {Q, s) £ dpDx and u be a nonnegative solution of Cu = in Dj' that 
continuously vanishes on A2r {Q,s). Then there exists a constant C > 0, depending on 
£, M , and rp, such that for r < vq and {x, t) G ^r {Q, s), 

u{x,t)<Cu{Ar{Qo,so)). (13) 

Proof We can assume that u (Ar {Qo, sq)) 7^ 0. If u (Ar {Qo, sq)) = 0, by the maximum 
principle u = 0, since u > and Lu = 0. Let 

, . u(x,t) 

v{x,t) = ^ ' ^ 



u{Ar{Qo,SQ)) 

Let {Q,s) G Ar {Qo,so) and p > such that <I'p {Q,s) C !i'2r (Qo.so)- By the Holder 
continuity, there exists a constant Ci > 2, depending on L, M,rQ, such that 

sup V < — sup V. (14) 

*p/Ci(Q.s) '^^piQ.s) 



Let A; be a non-negative integer, then by the Leninia[2]there is a constant C2 , depending 
only on Ci, such that if {y,s) e !f3/2r (Ooi sq), with ^ > s — sq and v(y,s) > 
C^v{Ar{Qo,so)) =C|^, then 

dist{y,dn)<^. (15) 

Fix A" > 1 such that 2^ > C2, and set N ^ K + 5,C = C2. 

Claim: v{x,t) < C, for all {x,t) £ ifv ^ {Qo,sq). Suppose that the claim is not true. 
The idea is to construct a sequence of points in Dx whose limit is on the lateral 
boundary St and on which v grows to infinity. First, there is (j/i, si) G !2v ^ {Qo, sq) 
such that V (j/i, si) > C. By (|15|l we must have that dist(j/i, dfi) < r/Ci . Let (Qi, si) 
be the point in St nearest to {yi, si), then 

d{Qi,Qo) < d{Qi,yi) + d{yi,Qo) < ■^+r< (^ + l) '"• 

If (x,t) e 'Pp/c^ {Ql,si), we have 

d(a;,Qo)<d(Qi,x) + d(Qi,Qo)<^ + (^ + l)r< (^ + l) ^ < (f ) '" 

and 

li - sol <\t- sil + l*-i - sol < (^ + 1) r' < ^r". 

We have just proved that 

'^p/C^iQi,si)C<I'2r{Qo,so) (16) 

By (dU and the fact that N = K + 5, 

sup V > 2 sup u > C2f {yi, si) > C2 ■ 

This implies the existence of (3/2,52) € ^r ^ {Ql,si) such that w (2/21^2) > 6*2 . 
Observe that 

S2 - So < |s2 - sil + Isi - sol < jTw +r^ < (^ + ij r^ < -r^. 

This means that we can apply (|15|) to get dist(y25£^^) < f/C-^ . As before, let 
iQ2,S2) be the point in St nearest to {y2,S2)- Then, 

rf(Q2,Qo)<rf(Q2,j/2) + d(2/2,Qi) + rf(Qi,yi) + rf(Q(0),yi) 

Choose (a;,f) G ^p/(7^+^ (Q2,S2), hence 

d(a;,Qo)<d(x,Q2) + d(Q2,Qo)< 7;^ + (^ + l) ^ -^'^^^'"^ 
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r. 



In similar way we can prove that \t — sq] < |r . We have just proved that 

■^p/C-s+i (Q2, S2) C *'2,. (Qo, so) (17) 

Once again by (fT4)l we get 

sup V > 2 sup V > C2V (yi, si) > 6*2 . 

1'^^c5+l{Q2,S2) *'p^piV + l(Q2,S2) 

We can conclude that there is (7/3, S3) G 1^^ ^ (Q2, S2) such that 

v{y3,S3)>C2 

Given that S3 — sq < §»" , we get again dist(j/3, dfi) < — f^pr, and we choose (Q3, S3) the 

point in St nearest to (2/3, S3). If we keep doing this we will get sequences {{yk, Sfc)} , {{Qk, Sfc)} 
with the following properties 

1- ^'p/ps+fc-i (Qfc,Sfc) C *'2r((3o,so) 

2- (yfe,Sfc) G *'p^^5+fc-i (Qfc.Sfe) 

3. dist(2yfc,ar2) <r/Cf+''"^ 

4. Sfc - so < |r2 

5. ^(2/fc,Sfc)>C2~+'=-i 

The desire sequence is {yk, s^) by (3). We have reached a contradiction since v vanishes 
in the lateral boundary St- 

n 

The previous lemma has the following global version. 

Theorem 6 Let {Q,s) € dpDT and u be a nonnegative solution of Cu — in Dt 
that continuously vanishes in dpDT \ ^2r iQ,s) Then there exists a constant C > 0, 
depending on jC, M , and rp, such that for {x, t) G Dt \ ^r {Q, s) we have 

u{x,t)<Cu{Ar{Q,s)) . (18) 



Proof We are providing only the proof for the case s > 0. The case s = is treated in 
similar way. By the maximum principle it suffices to prove H18|) when {x, t) £ dp'l'r {Q, s) 
and t > s — 4r . The first step is to obtain the estimate near the lateral boundary of 
Dt with the help of Carleson estimate. Near the lateral boundary we will use both the 
Carleson estimate and the Harnack inequality. 
We can choose 5 > small enough so that for 

(Q,s) edp^r{Q,s)nST, 

!^2(5r (Q. s) n !^r/2 (Qi ») and s + 25^r < s + 2r-^. Then, there exist C > for which for 
all (Q, s) e dp'l'r {Q, s) n St, we have 

u{x,t) < U [Ajj. [Q,s)) 

with {x, t) € ^Sr [Q, s) ■ By the scale invariant Harnack inequality, there exist a constant 
C > such that for all 

(Q,s) e dp'l'r {Q,s)n St, 



10 

we have 



{Asr{Q,s)) <Cu{Ar{Q,s)). 



With the help of the two previous inequalities and a covering argument imply that 
u {x, t) < Cu {Ar {Q, s)) holds on 

dp<Pr{Q,s)n{{x,t) I dist{x,dn) < cr} , 

where c > and depends only on the NT A character of Q. In the remaining part of 
dp'I'r {Q, s) we use Harnack's Principle to finish the proof. 

D 

Theorem 7 Let {Qo, sq) G S, then for sufficiently small r, say 

r <min(ro/2, ^/2,), 

and each {x,t) £ D with s + 4a r < t we have 

C-^ \Bd{Qo,r)\G {x,t;A2a2r{Qo,so)) <J''-*H^r{Qa,so)) (19) 

<C|Bd(Oo,r-)|G(a;,t;A2„2^(Qo,so)) 

Proof Fix {x, t) € D with s + 4r^ < i and define g (C, t) ^ G {x, t; ^, t) if (C, t) e D 
and g (C, r) = for D". For (C, r) G W^+'^ \ dpD U {{x, t)}, 

g{^,r)=p{x,t-^,T)- f p{Q,s;^,T)dJ^-''^{Q,s). (20) 

JdpD 

By Fatou's lemma we have 

p {Q, s; ^, t) dj^^^'^' {Q, s) < p {x, t; ^, r) < oo. 



■Id, 



D 



Let ICjIpm, which converges non-tangentially to ^ G dfi, so that d(^£,j,Q < 

Md (Xj , dfl\ . The Gaussian bounds imply that there is a constant C > such that for 

Q G dn and j G N, p(Q,s;^j,t) < Cp(Q,s;^,t). Lebesgue dominated convergence 

theorem tells that (gDJ holds for ^ G dQ. For a function (j) G C^ (R"+^) with (f) {x, t) = 

0, 

/ g{i,T)L*4,didT^ f 4>d^('='''>{Q,s) 
Jd JdD 

From the results in ([5;)i there exists a function 

G C^ (Bx (Q, 2ar) x (s - 4a^r'^, s + ^a?r^ 

with < < 1, = 1 on Bx (Q, ar) x (s - 2a^r'^ , s + 2a2r2) and |L*<^| < C/r^. Using 
the analogue of Carleson estimate for nonnegative solutions oi L* v = 0, we obtain that 
there is a constant C = C {M, rg), such that 

G{x,t;^,r)<G{x, t; A^^^, (Q, s)) , (21) 

for each (x, t) £ D with i > s + 4a r and (^, r) G ^2r (Q, s)- This gives the right hand 
side of p9|) . The estimate from below follows the lines of the proof in 7^ for parabolic 
equations and therefore we omit it. 
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□ 

In similar way we can prove the next theorem. This estimate is very important for 
the proof of the local comparison. 

Theorem 8 Let {Qo, sg) £ S, then for sufficiently small r, say 

r <min(ro/2, ^/2,), 

and each (x, t) £ D with x £ n\ B^ {Q, ar) we have 

J^^'^ {Ar (Qo, so)) < C\Bd (Oo, 0! G {x, t- l2a2. (Qo, sq)) (22) 

The next estimate is crucial to the proof of the boundary backward Harnack in- 
equality, see section 4 below. 

Lemma 3 Let u be a nonnegative solution of Lu—0 in D. Let {Q, s) £ S and < r < 
^ min (ro , \/s) . Then 

u {A^ (Q, s)) < Nr^ inf d~''u 

with d — d (x) = dist (x, dfi) and A*', 7 are positive constants depending only on [X, M). 

Proof Let X = {x,t) £ ^^ (Q,s). Then, if d = d(a;) = dist(x,df2), there exist k £N 

such that 

r 

d< -r. 

- 2'= 

Now, let P £ do be such that d{x,P) — d{x,dO) . Define (xi,Si) — A2i^{P,t) . 
Observe that 

d{A2k-ia{P),Ar{Q)) <3(2''d^ <3^/2(sfe_l-s + 2r)^/^ 

By Lemma [21 there is a constant Nq = A'^o (^, '^0, M) such that 

u{A,.(Q,s)) < iVow(Kfc_i,Sfc„i). 
For i < fc — 2, we have 

3 / xl/2 



d (^2.+id (P) ,A2.{P))<3(2'd] = ^l- {s, - s,+i 
Since d(42'+id (P) . ^) > M-^2'd, d{A2^ (P) , Q) > M~'^2'd, and 

d (^2.+id (P) , M^ i.P)) < 3M (2^d/M) , 
there is a constant TVi — Ni {X, rg, M) such that 

w (a;i+i, Sj+i) < Niu {xi, s,) . 
Take N = max {iVo, iVi} and 7 such that 2'' = A^. Then 

u{A^{Q,s))<n''= {2''y < (^^yu{x,t). 
Since (x, t) £ <Fj, {Q, s) is arbitrary we are done. 
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4 Backward Harnack Inequality and the Doubling Condition 

We start this section by showing that a elliptic-type Harnack inequality is implied by 
the Carleson lemma. 

Theorem 9 Let u be a nonnegative solution of Lu=0 in a bounded NT A cylinder Dx 
which continuously vanishes on St, and let < 5 < 2 min(ro,r). Then 

sup It < TV inf u 

where N — N {X, diamO, T, m, S). 

Proof By the continuity of u in Drp there exist {xQ,to) and {xi,tl) such that 
u (xo,tQ) = minu, u{xi,ti) — m&x. 

Set Dgrp = n X 1^,t\. Since D^ CC -D5 ^ it is enough to show that 

maxu < Nu{xQ,tQ) (23) 

for some constant A^. Notice first that by the Harnack principle there is a constant 
N = N {X, diamO, T, m, S) such that 

max u<Nu(xQ,to)- (24) 

r2V4x52/2 

For the points x G Q such that dist {x, dO) < 5/4 we will use the Carleson estimate 
as follows. Let Q G dfl and set s = S /2. By the Carleson estimate applied to the box 
Dg/2 {Q, s), we get that for all (x, t) G Dgu {Q, s), X 

u{x,t)<Niu{As/i{Q,s)), (25) 

where A''i depends on X,M,rQ. Observe that Dg/2 {Q,s) C i?^/2 t \ ^T' '^'■^'^ that 
s + 5 /4 = 35 /4. Hence we can apply the Harnack inequality to get a constant A'^2 = 
N2 (X, diamO, T, m, 5) such that for all (Q, s) G 5"^, with s = 5^/2, 

u{As/i{Q,s))<N2u{xn,to). (26) 

By (123l and (gSJ we get 

u{x,t)<N3u{xo,to) (27) 

for the points x £ H such that dist{x,dO) < 5/4. Since u vanishes on St, by ((24]), 
(|27|l and the maximum principle we get H23p . 

D 
The following theorem is the backward Harnack inequality which is one of the main 
results of this paper. 



Theorem 10 Let Q be an NT A domain with parameters (M, ro), u > 0, Lu=0 in 
D = il X {0, 00), u = in S. Take {Q,s) G S, s > 5q, < r < ^ min (ro, 5o). Then 

u{AriQ,s)) <Nu{A^{Q,s)) (28) 

with the constant N = N {X, diamO, T, m, 5o, rg) 
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Proof Let v {x,t) = u (x,t — s + (5q) . Then v {x, s) — u (x, Sq] . Hence, we can reduce 
the proof to the case s — Sq. Furthermore, we can assume that 

Kr < po = - min (t-q, Sq) 

for some constant K = K {X) > 6 that will be specified later. For p > 0, we define 

<Z^p^ = D n iZ^p (Q, s) , /(p) = p-^supM 

P 

where 7 = 7 {X, m) is the constant of the previous lemma. Take 

ft = max{p:2r-<p<po, ./ (p) > ./ (2r)} . (29) 

Observe that Ar {Q, s) G '1^2n hence 

u {^Ar (Q, s)) < sup u < (2r)"'' h~~' sup u. 

By the previous lemma, with r — h, we obtain 

^ iAh (Q. s)) < Nh'^dist {A^ (Q, s) , 9^)"'' u {A^ (Q, s)) , 

since A^. (Q, s) G D^. Given that the distance from A^. (Q, s) to the boundary of il is 
proportional to r, we get 

u {Ah (0, s)) < AT/i'^r^'^u (A^ (Q, s)) . (30) 

If we can show that 

supu<Nu{A,^{Q,s)), (31) 

then we will obtain (|28|) . 

We will divide the proof of pi|) in to cases: Kh > po ^nd 7^/i < po- Suppose that 

Kh > pq. By Carleson estimate 

sup u < Nu (Afi (Q, s)) . 

By the interior elliptic type Harnack inequality we obtain (|28[) . 
Now, for the case Kh < po we have 

sup u < K'^ supu, (32) 

^ Kh ^h 

since / (Kh) < f (2r) < f {h). Set 



then 



^^ CUd^^t^C D, 



where il^ = On Bfj (Q, h). Lets break the parabolic boundary of U in three pieces Iq, 
Fi, and /2 a-nd write u as 



JdpU J To Jti Jfz 



t) 
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where /q = SOdpU, Fi = fi(K-3)h x |s — 4/i |, and /2 is the remaining part of dpU. 
Given that u vanishes in /q, 

sup It < supu + supoj^^' ' (r-?) ■ sup u. (33) 

Assume that 

supc.(^'*) (r2) < 7V7^Qe-*^(^-6)', (34) 

hence, we have 

^ ( ^^ r^Q -M(K-6f ,,-7 ^ , 1 

sup u < sup u + N K^ e ^ ' K ' sup u < sup w + — sup u, 



for some K — K {X) > 6, and hence 



supu < 2supu. 

Now, we only have to show that 

sup u<Nu{Af^{Q,s))^u (Ah {Q),s- 2h^] . (35) 

A ^ ^ 

Choose (a;, s — 4/1 j G Fi. If dist{x,dfi) < h, take z G 9J7 such that d{z,x) = 



d (x, dn). Then, consider (z,s ~ 5h ) . Since 



x,s- 4h^j e O/^f (z, s - 5h^j , 
by the Carleson estimate we obtain 

u {x,s — 4h 1 < sup u < Nu { Ah (z) ,s — 3h 

Observe that (A^ (2) , s - 3/i^) G U. Now, d(4,j (z) , A/j (Q)) < (A' - 1) /i. We can 
apply Lemma to function it, with Q = K — \.C = M (K — 1), and e = -p- to obtain 

u [Ah {z),s~- 3/1^) < Nu (Ah (0, s)) , 

where N = iV(X, M). Therefore, we have ^ for dist(a:,ar2) < h. li d{x,dn) > h, 
the estimate it (x, i) < Nu {Ah (Q; •s)) follows from the Harnack inequality. 

Take {x,t) G 1^^ and {z,t) G r2, then d{x,Q) < h, d{z,Q) > {K - 3) h; hence 
d{z,x) > (K — 4) h. For proving (|34|) . we may assume that s = Ah , so that 

^^ = Qh X (3/t^ 5ft2) , r2 C (K" \ Bd (Q, (A - 3) h)) 

Assuming that A > 6, we will compare it {x,t) = u^^' ' {F2) with the solution v {x,t) 
of the problem 



Lu = in R" X 



[0, 5/1^ j , 1; (a;, 0) = X{Kh>d{x,Q)>{K-5)h} i^) ■ 



By using the fundamental solution p {x, t; y, s), we can write 
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v{x,t) = / p{x,t-y,0)dy. 

J {Kh>d{y,Q)>(K~5)h} 

lid{x,Q) = {K - -i) h, < t < 5/1^, we have Bd{x,h) C {Kh> d{y,Q) > {K - 5) h} 
and 



v{x,t) > / p{x,t;y,0)dy. 

Suppose that \/i < h. Then, 

v{x,t)>- ^-j exp ^ '^^ ]dy 



Bd {x,Vt)\ JBa(x,h) \ * 

' exp / '"' ]Ay 



\Bd (a;, Vt)| JBa{x,Vi) \ * 

> N. (36) 

For ^/t > h, we have 

v{^,t)> / exp T^^^j'^y 

|-Bd(a;, Viji JBi(x,h) V * / 

> \Bd{x,h)\ 



\Bd{x,^ft)\ 
^ ^^¥^ ^ ^' (37) 

since t e (0,5/i^). Hence, u(a:,t) > A^ for d{x,Q) = {K ~A)h , with N = N (X). 
This implies that Nv>l>uon[Qr\ 9-B(^_4)^) x [O, bh^] , and A^u > = m on the 
remaining part of the parabolic boundary of fi(K-i)h ^ (Oi 5/i ) . Since both functions 
u and Nv satisfy the same equation Lu = in f^(K-4)h ^ (Oi 5h ] D 'l^i^ , for arbitrary 
X = (x, t) G •f'^ we get 

u{x,t) < Nv{x,t) ^ N p{x,t-y,0)dy 

J {Kh>d{0,y)>{K-5)h} 

^^^[C^f exp^ ^'^(^'^)' 



Bd{x,y/ih)\ j{Kh>d{{),y)>{K-5)h} \ ^/l^ 

NC f ( Md(x,yf 

' exp ' ^ "'^ 



~ \Bd{x,y/ih)\ j{2Kh>d(x,y)>(K-&)h} V ^^^^ 

Hence, 

M (x, i) < A/'A'^ exp (-M {K - 6)^] . 

n 

The doubling property of the L — caloric measure is a direct consequence of the 
backward Harnack inequality and Theorem [7] 

Theorem 11 There exist a positive constant C = (X, M, rp, diam Q, T) such that for 
all (Q, s) £ dpDx and < r < i min Irg, VT — s, y/s\ we have 

J^^*\A2r{Q,s)) < cJ'-''*HAr{Q,s)) (38) 

with d{x,Q) < K\t- s\'^^'^ and jt - sj > IBr^. 
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5 Local and Global Comparison Theorem 



From now on, we assume that M > 100 and M > a, where a is as in Q For Q G dO 
and < r < ^ we cover the set 



F = dnnBa[Q,^r\\BjQ,^r 



by A^o balls Bj^ [Qi, y) > with Qi € F and I > 2 suitably chosen. The balls B^ [Qi, y) 
can be taken so that B^^ (Qi, jt^tt) will be disjoint. This fact, the interior corkscrew 
condition and the doubling property implies that the number Nq is independent of r. 
In similar way, we can cover ( s — ^'' , s + \^ \ by A'"i — Ni {I) intervals Jz (s^) of 

2 

length J2-. Set 



Ni No 



J/(x,f) = ^^ J"'*) (Z\. (0„s,)) + |Bd (x,r)j G (a;,t; ^Mr (Q) ,s - 4M 



2 2 

r 



Lemma 4 For / sufficiently large, there exists a constant C — C (M) > such that 
for (x, t) £ DtC] dp'I'Mr. (Q, s) 

H{x,t)>C. 

Proof By Lemma [l] and Corollary [T] we obtain for {x,t) £ \l'2r {Qi,Si) n Dj' 

J^''H^r{Q„S,))>^. 

Let I = I (M) be the smallest positive number for which the above estimate holds for 
every i G {l,...,7Vo} and j — {l,...,A^i}. We have thus proved the estimate when 
X G U,^°jBrf [Qi,^) .It is not difficult to see that if 

x€A'':^'nn dB, (^Q, ^) \ ufj\B, (q„ ^) , 

then 

d{x,dn) > J. 

Now, by the Harnack inequality applied to the function G (x, t; ■, ■) we obtain 

G (x, t; Amt {Q),s~ AM^r^'^ > GG [x, t; Amt (Q) , s ~ 2M^r^^ . 
The boundary backward Harnack inequality gives 

G (x, t; Amv (Q) , s - 2M^r^] > GmG (x, t + 5A-f ^r^; ^Mr (Q) , s - 2M^r^') 
since r is small enough. By Theorem and Lemma [5] we obtain 

G(x,t;AMr{Q),S-iM^r^) > f (a. (Q),.+4Af^r^) (^^^^, (g^ ^)) , 

The conclusion follows from Lemma (TJ 



m\^ 
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Theorem 12 Let (Q,s) £ St o-iT-d u,v be two nonnegative solutions of Lu = in 
^MriQy^) vanishing continuously on A^riQ^ s)- Then there exists a constant C = 
C{X, M, rg) such that for r < -rj min(ro, v/s, y/T — s), and {x, t) G ^ r we have 

4a M 

u{x,t) u{AMr{Q),s + 4:M^r^) 

v{x,t) - v{AMriQ),s-iM^r-^) ^ ' 

Proof By the Carleson estimate and the previous lemma 

u{x,t)<Cu{AMriQ,s))H{x,t) (40) 

for {x, t) e L>T n dp'pMr {Q, s). Let 

Ni No 
H* {x, t) = Y.J2 ^^"''^ (^'^ (Q»' ^j)) + \Bd (0, 01 G (t, t; Aur {Q),s- 4M' 

Observe that for every x £ Dj^ n iP'Mr (Q, s) 

C~^H {x, t) > H* (x, t)> H {x, t) (41) 

where C > depends on the constant in ((3|. Since H* is L-superparabohc in a; G 
D^n'I'Mr (Q, s), by (|40l) and (gl]), we can conclude that (|40| holds in DtH^mt (Q, s) . 

On the other hand, set Qr = Amt (Q), Sr = s-AM^r^. Then, there is a 5 = (5 (M) > 
such that 

#r = Ua;, f ) : d (a;, Qr) < Sr, Sr + — — < t < s,. + (5^r 

is contained in D^^ and Sr + 5 r < s — IITt- Fo'' (^i^) £ 9^r, the Gaussian bounds 
imply 

\Bd{x,r)\G (^x,t-AMr (Q) ,s - Ud\^) <C(M) 
Furthermore, by the Harnack inequality and the Harnack chain condition, 

V (^Amt (Q) , s - U'fr^) < Cv ix,t) 

2 

for (x,f) € d<Pr- Hence, for t > s — j]^, 

\Bd {x, r)\ G {x, t; Aj,jr (Q, s)) v (A^^ (Q, s)) < Cv {x, t) (42) 

In order to finish the proof we need to prove that 

H{x,t) < C \Bd {x,r)\ G (^x,t;AMr (0) , s - 41/^^^ 
in Dr n !?'_!_ (Q, s) . Observe that 

Bd(Q,^)nncf2\utlBAQ^,2r). (43) 

By Theorem [51 dS)) gives 

a;("'*) {Ar (g„ Sj)) < CG \Ba (x, r)\ G (x,t; A^,2, (Q,) , Sj - Aa^r'^) 

2 

and the fact that t > s — ."^ .^ . Harnack inequality and proposition [T] implies 
G (x, i; A2a2r {Qi) , Sj - 4a^r'^] < CG (x, t; Ar (Q) , s - 4M^r^ 
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□ 
The following global comparison theorem is a consequence of Theorems (|9} and 
inj, see [7] for details. 

Theorem 13 Let u, v he two nonnegative solutions of Lu — Q in D^ which continu- 
ously vanish on S+. Then for < S < -^ min (to, Vt) there exists a positive constant 
C = C {X, diamfi, T, m, S) such that 

V {xo,T) u {x, t) < Cu {xo, T) V {x, t) 

for all {x, t) £ fi X [25 ,T — S ) , where Xo £ fi is fixed. 
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